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Notes and Answers G8

5 (a) 1 (c) 4 (e) 2 (g) 6
(b) 3 (d) 0 (f) 2

6 (a) (51, 48) (61, 28) Translation 16i – 32j.
(b) (36, 53) (56, 13) Translation 16i – 32j
(c) Translation 8i – 16j, which is half the final answer in (a) and (b).
(d) F3; translation 24i, double the shortest movement from AB to CD.
The effect of two successive reflections in parallel mirrors is double the shortest translation that takes the first
mirror to the second.
(e) (15, 30); half turn about (30, 45)
(f) (20, 45); the effect of two successive reflections in two perpendicular mirrors is a half turn about the point of

intersection of the mirrors. 1(f) confirms it.
(g) They are at M3M1T and M3M1F. M1M3 = M3M1.
(h) M1M2 is –16i + 32j, the inverse of M2M1

G9 Calculating π
Before I started teaching, having done a maths degree and a Ph D, I had no idea how π could be calculated in a
way that would be accessible to school pupils. I first devised a rather more complicated approach, which was later
modified, with help from Adrian Freed, a bright young student at the school where I taught. The sheet has answers
included at the bottom.

G10 Similar shapes
The advent of modern reprographic and computer imaging techniques has made the notions of enlarging or
stretching a figure much more familiar than formerly. Accordingly this sheet begins with computer images that have
been transformed in such ways; the student is required by measuring to find out what has been done. This leads on
to the idea of similarity of two figures, especially of triangles, then to some fairly familiar applications, plus some that
are quite challenging.

1 In this question we are not concerned with changes of position, so there is no mention of translations, nor is any
centre of enlargement specified.
(a) Enlargement × 1.5 (d) Enlargement × 1.5, rotation +24°
(b) Stretches: x × 1.5, y × 1.25 (e) Stretch: x × 1.2, rotation –35°
(c) Stretches: x × 1.2, y × 1.5
(a) and (d) are similar to the original, (b) and (e) are similar to each other.

2 Similar to original: (a), (e), (f). Too fat: (c). Too thin: (b), (d)
(a) Enlargement × 0.8, rotation +18° (e) Enlargement × 0.6, rotation –85°
(b) Stretches: x × –1 (a reflection), y × 0.9 (f) Enlargement × 0.85, rotation 180°
(c) Stretches: x × 0.8, y × 1.3; rotation –21°
(d) Stretches: x × –0.8, y × 0.72 (hard to get accurately 

by measurement, as heights are not big in the figures.)
(b) and (d) are similar to each other, not to the original.

3 (a) Enlargement × 1.5 (d) Enlargement × 0.8, rotation +20°
(b) Stretch: y × 1.5 (e) In (a) and (d), enlargements
(c) Stretch: x × 1.2 (f) Same as (e)

4 (a) No, basically because the shape of a triangle is determined by its angles. Euclid proved this via intercept
theorems. A more practical, if less rigorous, way might be as follows: Suppose ABC is similar to PQR (with
P corresponding to A, Q to B and R to C). Make a copy on acetate of PQR, enlarged just enough to make
the new PQ the same length as AB. Now put this new PQR on top of ABC, with P on A and PQ along AB.
Q then lands on B, and since the triangles are equiangular (and enlargement doesn’t change angles) QR
will lie along BC, while also PR lies along AC. Thus R lies on C, and the enlarged version of PQR is
congruent to ABC. But enlargement increases all lengths in the same proportion, whence the result.
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1 Construct triangle ABC with each side 6 cm long. Draw the altitudes AD, BE, CF. (AD is perpendicular
to BC, BE to AC and CF to AB. D, E, F are on BC, AC, AB respectively.)

(a) Measure the altitudes and express AD/AB as a fraction and as a decimal, to 2DP.

(b) The centre of the triangle is O. Express OD as a simple fraction of OA and OA as a simple
fraction of AD.

(c) Measure the angles BAC, ABC, BCA, BAD and BOC.

2 Redo 1(a), (b) with a triangle in which all sides are 7.5 cm.

3 Construct ∆ABC with AB = AC = 7.8 cm, BC = 6 cm, and mark the
midpoints L, M, N of BC, CA, AB respectively. The figure is not drawn
to scale!

(a) Measure MN, NL and LM. What do you notice?

(b) AL, BM and CN meet at G. Express as simple fractions AG/AL
and GM/BG.

(c) Draw the altitudes AL, BE and CF and measure them. How far
from A do they meet?

(d) Measure angles BAC, ABC, BCA and find their sum.

(e) Try to calculate angles BAL and CBE; check by measuring them.

(f) Calculate BC × AL and AC × BE; try to account for what you notice.

4 (a) (b) Repeat 3 (a), (b) with a triangle ABC in which BC = 7, CA = 6.5, AB = 7.5 cm.

(c) Draw and measure the altitudes AD, BE, CF. How far from A do they meet?

(d) Measure angles BAC, ABC, CBA and find their sum.

(e) Measure angles BAD and BCF. Try to account for what you notice.

(f) Does what you noticed in 3(f) apply in this triangle?

5 (a) What sort of triangle did you draw in no 1? in no 3? in no 4?

(b) When do all the altitudes bisect (divide into equal halves) the sides?

(c) When does just one altitude bisect a side?

(d) What can you say about the sum of the angles of a triangle? Why?

(e) How is the triangle LMN formed by the midpoints related to the original triangle?

6 Napoleon’s theorem

Draw triangle ABC with BC = 9, CA = 4.8, AB = 7.2 cm. Mark
on BC the points D, E which divide BC into three equal parts.
(They are called points of trisection: D is 3 cm and E is 6 cm
from B.) Construct equilateral triangle DEP with P outside
triangle ABC. Similarly draw triangles FGQ, HIR with F, G
trisecting CA and H, I trisecting AB, and Q, R outside ABC,
(as in the figure, which is not accurate). Now join the sides of
triangle PQR and measure them. What do you notice? Try
this construction with another triangle with sides of your own
choice, and see whether the same thing happens again.

Exploring triangles
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Exploring triangles (continued)

7 The three jets

Draw an equilateral triangle ABC with each side 12cm. This represents a training area with side
12km. Three jets P, Q, R start at points on AB : P at A, Q at Q1, 4km from A, R at R1, 8km from A.
They all fly at right angles to BC until they meet BC at P2, Q2, R2 respectively, then at right angles to
AC, meeting it at P3, Q3, R3, then at right angles to AB, reaching it at P4, Q4 and R4. Draw these
journeys, using a different colour for each jet.

(a) Where is Q4?

(b) How far apart are P4, Q4 and R4?

(c) What happens to the distances between jets after each part of the journey? Why?

(d) If the jets do another complete circuit, how far apart will P7, Q7 and R7 be? (You can try to
check this by drawing if you have a steady hand!)

(e) If another jet starts from somewhere on AB and carries out this exercise, whereabouts will it
meet the three sides of ∆ABC on its 10th circuit?
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Notes and Answers G6

11 Pentagon Side/mm Diagonal/mm Flame length/mm Side + flame 
length/mm

P1 55 89 89 144
P2 21 34 34 55
P3 8 13 13 21
P4 3 5 5 8

(a) Diagonal = flame length: AI = IG because ∆AIG has equal angles at A and G ; 89mm.
(b) See last column in table; side + flame length = side of previous polygon; e.g. HI + IB = AB because ∆ABH

has equal angles at A and H.

12 (a) P1: 1.6182, P2: 1.6190, P3: 1.625. They should be exactly equal, because the shapes are geometrically
similar, but measurements are not exact.

(b) ∆s ABH, AIH are similar, so have same shape ratios. AB = tAH = t × tIH = t 2IH.
(c) BH = BI + IH = AI + IH = tIH + IH = (t + 1)IH. But AH = BH, so t 2 = t + 1.
(d) 1.6180
(e) P1: 0.6180, P2: 0.6176, P3: 0.6154. They seem to be t – 1; this is because these ratios should be , and the

equation t 2 = t + 1, when divided by t gives t = 1 + .

13 (a) 15°, 15° and 150°; 6cm; there are 24 (c) of the square = 108cm2

(b) 4 equilateral and 8 isosceles triangles, (d) 3r 2, less than the circle which is πr 2.
like those inside the dodecagon.

G7 Enemy Territory
This sheet was a favourite “near end of term” exercise for 13 year olds, but can be used at any time, and with older
pupils. It revises bearings and brings in ideas about locus, but in a context that makes the children think hard about
how the given information can be translated into drawing.

1 8.94km, 026.6° 6 (9.8, 15.3) or (5.1, 17.95) 11 (6.8, 8.6)

2 5.10km, 191.3° 7 (2.0, 19.75) 12 (9, 10.5)

3 (4, 10) 8 (5, 14) 13 (3, 5)

4 (9, 2) 9 (9, 8.4) or (9, 3.6) 14 (10.0, 16.55)

5 (7, 11) or (12.55, 8.3) 10 (2, 11) 15 J is at (9.8, 15.3), I at (7, 11),
P at (9, 8.4)

G8 Reflections
Reflection is the most basic Euclidean (i.e. size and shape conserving) transformation, as all the others can be
obtained by combining reflections. Reflection is also associated with symmetry, which has both aesthetic and
mathematical importance. This sheet gives practice in doing reflections and seeing axes of symmetry; it also
investigates the result of combining two reflections.

1 (a) (5, 16) (e) F4 is more like F2, F5 more like F1.
(b) (29, 16) (f) Half turn about D. Not a reflection.
(c) F2 and F3 face left, F1 faces right. Translation 24i. (g) (8, 33)
(d) (25, 6) and (29, 6)

2 B (6, 40) C (5, 28) D (18, 27) E (20, 12) F (27, 7) G (35, 29)

3 (a) It reflects into itself (b) Yes, in SQ. (c) A (13, 4) C (17, 26)

4 (a) (14, 8) and (14, 17)

(b) Reflection in x = 7 or in y = 12 ; or rotation about (7 , 12 ) through –73.7° or +106.3°.1
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